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Abstract
We generalize the notion of metallic structure in the pseudo-Riemannian setting,
define the metallic Norden structure and study its integrability. We construct a
metallic natural connection recovering as particular case the Ganchev and Mihova
connection, which we extend to a metallic natural connection on the generalized
tangent bundle. Moreover, we construct metallic pseudo-Riemannian structures on
the tangent and cotangent bundles.
1 Introduction
For fixed positive integer numbers p and q, the (p, q)-metallic number stands for positive
solution of the equation x2 − px− q = 0 and it is equal to
(1) σp,q =
p+
√
p2 + 4q
2
.
For particular values of p and q, some important members of the metallic mean family
[5] are the followings: the Golden mean φ = 1+
√
5
2
for p = q = 1, the Silver mean
σAg = σ2,1 = 1 +
√
2 for q = 1 and p = 2, the Bronze mean σBr = σ3,1 =
3+
√
13
2
for q = 1
and p = 3, the Subtle mean σ4,1 = 2 +
√
5 = φ3 for p = 4 and q = 1, the Copper mean
σCu = σ1,2 = 2 for p = 1 and q = 2, the Nickel mean σNi = σ1,3 =
1+
√
13
2
for p = 1 and
q = 3 and so on.
Extending this idea to tensor fields, C.-E. Hret¸canu and M. Crasmareanu introduced
the notion of metallic structure:
Definition 1.1. [3] A (1, 1)-tensor field J on M is called a metallic structure if it
satisfies the equation:
(2) J2 = pJ + qI,
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for p and q positive integer numbers, where I is the identity operator on C∞(TM). In
this case, the pair (M,J) is called a metallic manifold. Moreover, if a Riemannian metric
g on M is compatible with J , that is g(JX, Y ) = g(X, JY ), for any X , Y ∈ C∞(TM), we
call the pair (J, g) a metallic Riemannian structure and (M,J, g) a metallic Riemannian
manifold.
From the compatibility condition, we immediately get that a metallic Riemannian
structure satisfies
g(JX, JY ) = pg(X, Y ) + qg(X, JY ),
for any X , Y ∈ C∞(TM).
2 Metallic pseudo-Riemannian manifolds
The notion of metallic Riemannian manifold can be generalized to a metallic pseudo-
Riemannian manifold. We pose the following:
Definition 2.1. Let (M, g) be a pseudo-Riemannian manifold and let J be a g-
symmetric (1, 1)-tensor field onM such that J2 = pJ+qI, for some p and q real numbers.
Then the pair (J, g) is called a metallic pseudo-Riemannian structure on M and (M,J, g)
is called a metallic pseudo-Riemannian manifold.
Fix now a metallic structure J on M and define the associated linear connections as
follows:
Definition 2.2. i) A linear connection ∇ on M is called J-connection if J is covari-
antly constant with respect to ∇, namely ∇J = 0.
ii) A metallic pseudo-Riemannian manifold (M,J, g) such that the Levi-Civita connec-
tion ∇ with respect to g is a J-connection is called a locally metallic pseudo-Riemannian
manifold.
The concept of integrability is defined in the classical manner:
Definition 2.3. A metallic structure J is called integrable if its Nijenhuis tensor field
NJ vanishes, where NJ(X, Y ) := [JX, JY ] − J [JX, Y ] − J [X, JY ] + J2[X, Y ], for X ,
Y ∈ C∞(TM).
Lemma 2.4. If (M,J, g) is a locally metallic pseudo-Riemannian manifold, then J is
integrable.
Proof. We have:
NJ(X, Y ) = (∇JXJ)Y − (∇JY J)X + J(∇Y J)X − J(∇XJ)Y,
for any X , Y ∈ C∞(TM). Then the statement.
Generalized metallic pseudo-Riemannian structures 3
Remark 2.5. Every pseudo-Riemannian manifold admits locally metallic pseudo-
Riemannian structures, namely J = µI, where µ =
p±
√
p2+4q
2
with p2 + 4q ≥ 0.
Definition 2.6. J := µI, where µ =
p±
√
p2+4q
2
with p2 + 4q ≥ 0, is called a trivial
metallic structure.
Definition 2.7. Ametallic pseudo-Riemannian manifold (M,J, g) such that the Levi-
Civita connection ∇ with respect to g satisfies the condition
(∇XJ)Y + (∇Y J)X = 0,
for any X , Y ∈ C∞(TM), is called a nearly locally metallic pseudo-Riemannian manifold.
Proposition 2.8. A nearly locally metallic pseudo-Riemannian manifold (M,J, g)
such that J2 = pJ + qI with p2+4q > 0 is a locally metallic pseudo-Riemannian manifold
if and only if J is integrable.
Proof. For any X , Y ∈ C∞(TM), we have:
NJ(X, Y ) = (∇JXJ)Y − (∇JY J)X + J(∇Y J)X − J(∇XJ)Y =
= −(∇Y J)JX + (∇XJ)JY + J(∇Y J)X − J(∇XJ)Y =
= −(∇Y J2X) + 2(J∇Y J)X + J2∇YX + (∇XJ2Y )− 2(J∇XJ)Y − J2∇XY =
= −2p(∇Y J)X + 4J(∇Y J)X = 2(2J − pI)(∇Y J)X.
We observe that p
2
is not an eigenvalue of J because p2 + 4q > 0, thus we get that if J is
nearly locally metallic, then
NJ = 0⇐⇒∇J = 0
and the proof is complete.
3 Metallic natural connection
Theorem 3.1. Let (M,J, g) be a metallic pseudo-Riemannian manifold such that
J2 = pJ + qI with p2 + 4q 6= 0. Let ∇ be the Levi-Civita connection of g and let D be the
linear connection defined by:
(3) D := ∇+ 2
p2 + 4q
J(∇J)− p
p2 + 4q
(∇J).
Then
(4)
{
DJ = 0
Dg = 0.
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Proof. We have:
DJ − JD = ∇J − J∇+ 1
p2 + 4q
(2J∇J2 − 2q∇J − p∇J2 − 2J2∇J + pJ2∇+ 2qJ∇) =
= ∇J − J∇+ 1
p2 + 4q
(2qJ∇− 2q∇J − p2∇J − 2q∇J + p2J∇+ 2qJ∇) =
= ∇J − J∇+ 1
p2 + 4q
[(4q + p2)J∇− (4q + p2)∇J ] = 0.
Moreover, for any X , Y , Z ∈ C∞(TM), we have:
(DXg)(Y, Z) = X(g(Y, Z))− g(DXY, Z)− g(Y,DXZ) =
=
1
p2 + 4q
[2g((∇XJ)Y, JZ)− pg((∇XJ)Y, Z) + 2g(JY, (∇XJ)Z)− pg(Y, (∇XJ)Z)] =
=
1
p2 + 4q
[2g(∇XJY, JZ)− pg(∇XY, JZ)− 2qg(∇XY, Z)− pg(∇XJY, Z)+
+2g(JY,∇XJZ)− pg(JY,∇XZ)− 2qg(Y,∇XZ)− pg(Y,∇XJZ)] =
=
1
p2 + 4q
[2X(g(JY, JZ))− pX(g(Y, JZ))− pX(g(JY, Z))− 2qX(g(Y, Z))] =
=
1
p2 + 4q
[2X(pg(Y, JZ) + qg(Y, Z))− pX(g(Y, JZ))− qX(g(Y, Z))] = 0.
Then the proof is complete.
Definition 3.2. The linear connection D defined by (3) is called the metallic natural
connection of (M,J, g).
A direct computation gives the following expression for the torsion TD of the natural
connection D:
TD(X, Y ) =
1
p2 + 4q
{(2J − pI)(∇XJY −∇Y JX)− (pJ + 2qI)[X, Y ]},
for any X , Y ∈ C∞(TM).
Thus we get the following:
Proposition 3.3. Let (M,J, g) be a metallic pseudo-Riemannian manifold such that
J2 = pJ + qI with p2+4q 6= 0. Then the torsion TD of the natural connection D satisfies
the following relation:
TD(JX, Y ) + TD(X, JY )− pTD(X, Y ) = (2J − pI)NJ(X, Y ),
for any X, Y ∈ C∞(TM). In particular, if J is integrable, then:
TD(JX, Y ) + TD(X, JY ) = pTD(X, Y ).
Remark 3.4. If p = 0, q = −1 and J is integrable, then the natural connection D
coincides with the natural canonical connection defined by Ganchev and Mihova in [2].
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4 Metallic Norden structures
Recall that a Norden manifold (M,J, g) is an almost complex manifold (M,J) with a
neutral pseudo-Riemannian metric g such that g(JX, Y ) = g(X, JY ), for any X , Y ∈
C∞(TM). We can state:
Proposition 4.1. If (M,J, g) is a Norden manifold, then for any real numbers a, b,
Ja,b := aJ + bI
are metallic pseudo-Riemannian structures on M .
Proof. We have:
J2a,b = 2bJa,b − (a2 + b2)I.
Moreover, for any X , Y ∈ C∞(TM), we have:
g(Ja,bX, Y ) = g(X, Ja,bY ).
Then the statement.
We remark that J = J1,0.
Also, from ∇Ja,b = a∇J and NJa,b = a2NJ , we get the following:
Proposition 4.2. Assume that a 6= 0. Then:
1. Ja,b is integrable if and only if J is integrable.
2. Ja,b is locally metallic if and only if J is Ka¨hler.
3. Ja,b is nearly locally metallic if and only if J is nearly Ka¨hler.
Conversely, we have:
Proposition 4.3. If (M,J, g) is a metallic pseudo-Riemannian manifold such that
J2 = pJ + qI with p2 + 4q < 0, then
J± := ±( 2√−p2 − 4qJ −
p√
−p2 − 4q I)
are Norden structures on M and J = aJ± + bI with a = ±( 2√−p2−4q )
−1 and b = −p
2
.
Proof. We have:
J2± =
1
−p2 − 4q (4J
2 − 4pJ + p2I) = 1−p2 − 4q (4qI + p
2I) = −I.
Generalized metallic pseudo-Riemannian structures 6
Moreover, for any X , Y ∈ C∞(TM), we have:
g(J±X, Y ) = g(X, J±Y ).
Finally, we have:
J = ±( 2√−p2 − 4q )−1J± −
p
2
I.
Then the statement.
We give the following definition:
Definition 4.4. Let (M,J, g) be a metallic pseudo-Riemannian manifold such that
J2 = pJ + qI with p2 + 4q < 0. Then J is called a metallic Norden structure on M and
(M,J, g) is called a metallic Norden manifold.
5 Induced structures on TM ⊕ T ∗M
5.1 Generalized metallic pseudo-Riemannian structures
In [1] we introduced the notion of generalized metallic structure and generalized metallic
Riemannian structure. We pose the following:
Definition 5.1. A pair (J˜ , g˜) of a generalized metallic structure J˜ and a pseudo-
Riemannian metric g˜ such that J˜ is g˜-symmetric is called a generalized metallic pseudo-
Riemannian structure. If J˜2 = pJ˜ + qI with p2 + 4q < 0, then J˜ is called a generalized
metallic Norden structure.
Let (M,J, g) be a Norden manifold and let (J˜ , g˜) be the generalized Norden structure
defined in [4]:
J˜ :=
(
J 0
♭g −J∗
)
(5) g˜(X + α, Y + β) := g(X, Y ) +
1
2
g(JX, ♯gβ) +
1
2
g(♯gα, JY ) + g(♯gα, ♯gβ),
for any X , Y ∈ C∞(TM) and α, β ∈ C∞(T ∗M). Then J˜ defines the following family of
generalized metallic Norden structures:
J˜a,b := aJ˜ + bI =
(
aJ + bI 0
a♭g −aJ∗ + bI
)
,
where a, b are real numbers, since
J˜2a,b = pJ˜a,b + qI
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with p = 2b and q = −(a2 + b2) and
g˜(J˜a,b(σ), τ) = g˜(σ, J˜a,b(τ)),
for any σ, τ ∈ C∞(TM ⊕ T ∗M).
We remark that, up to rescaling the metric, instead of J˜a,b, we can consider the family:
Jˆa,b :=
(
aJ + bI 0
♭g −aJ∗ + bI
)
.
Moreover, if (M,J, g) is a metallic pseudo-Riemannian manifold with J2 = pJ + qI,
for p = 2b and q = −(a2 + b2), we immediately have that
(6) Jˆ :=
(
J 0
♭g −J∗ + pI
)
is a generalized metallic structure with:
Jˆ2 = pJˆ + qI.
If we assume p2 + 4q 6= 0, generalizing (5), we define the pseudo-Riemannian metric:
(7) gˆ(X + α, Y + β) :=
= g(X, Y )+g(♯gα, ♯gβ)+
p
p2 + 4q
[g(X, ♯gβ)+g(Y, ♯gα)]− 2
p2 + 4q
[g(JX, ♯gβ)+g(JY, ♯gα)] =
= g(X, Y ) + g(♯gα, ♯gβ) +
p
p2 + 4q
(α(Y ) + β(X))− 2
p2 + 4q
(α(JY ) + β(JX)),
for any X , Y ∈ C∞(TM) and α, β ∈ C∞(T ∗M) and we have the following:
Proposition 5.2. Let (M,J, g) be a metallic pseudo-Riemannian manifold such that
J2 = pJ + qI with p2 + 4q 6= 0. Then (Jˆ , gˆ) is a generalized metallic pseudo-Riemannian
structure with Jˆ given by (6) and gˆ given by (7).
Proof. For any X + α, Y + β ∈ C∞(TM ⊕ T ∗M), we have:
gˆ(Jˆ(X + α), Y + β) = gˆ(JX + ♭g(X)− J∗(α) + pα, Y + β) =
= g(JX, Y ) + β(X)− g(♯gJ∗(α), ♯gβ) + pg(♯gα, ♯gβ)+
+
p
p2 + 4q
[β(JX) + g(X, Y )− α(JY ) + pα(Y )]− 2
p2 + 4q
[pβ(JX) + qβ(X)+
+g(X, JY )− qα(Y )]
and
gˆ(X + α, Jˆ(Y + β)) = g(X + α, JY + ♭g(Y )− J∗(β) + pβ) =
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= g(X, JY ) + α(Y )− g(♯gJ∗(β), ♯gα) + pg(♯gα, ♯gβ)+
+
p
p2 + 4q
[α(JY ) + g(X, Y )− β(JX) + pβ(X)]− 2
p2 + 4q
[pα(JY ) + qα(Y )+
+g(Y, JX)− qβ(X)].
Since (M,J, g) is a metallic pseudo-Riemannian manifold and J∗ = ♭gJ♯g we get the
statement.
Definition 5.3. Let (M,J, g) be a metallic pseudo-Riemannian manifold. The pair
(Jˆ , gˆ) defined by (6) and (7) is called the generalized metallic pseudo-Riemannian structure
defined by (J, g).
More generally, we can construct generalized metallic pseudo-Riemannian structures
by using a pseudo-Riemannian metric g on M and an arbitrary g-symmetric endomor-
phism J of the tangent bundle as in the followings.
Theorem 5.4. Let g be a pseudo-Riemannian metric on M and let J be an arbitrary
endomorphism of the tangent bundle which is g-symmetric. Then (Jˇ , gˇ) is a generalized
metallic pseudo-Riemannian structure, where
(8) Jˇ :=
(
J (−J2 + pJ + qI)♯g
♭g −J∗ + pI
)
and
(9)
gˇ(X+α, Y +β) := g(X, Y )+
p2 + 4q
4
g(♯gα, ♯gβ)+
p
4
(α(Y )+β(X))− 1
2
(α(JY )+β(JX)),
with p and q any real numbers.
Moreover, Jˇ satisfies:
(Jˇ(X + α), Y + β) + (X + α, Jˇ(Y + β)) = p · (X + α, Y + β),
where
(10) (X + α, Y + β) := −1
2
(α(Y )− β(X))
is the natural symplectic structure on TM ⊕ T ∗M .
Proof. A direct computation gives Jˇ2 = pJˇ + qI.
Moreover, for any X + α ∈ C∞(TM ⊕ T ∗M), we have:
Jˇ(X + α) = JX − J2(♯gα) + pJ(♯gα) + q♯gα + ♭g(X)− J∗(α) + pα
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and using the definition of (·, ·) we get the last statement.
Now, for any X + α, Y + β ∈ C∞(TM ⊕ T ∗M), we have:
gˇ(Jˇ(X + α), Y + β) = g(JX, Y )− g(J2(♯gα), Y ) + pg(J(♯gα), Y )+
+qg(♯gα, Y ) +
p2 + 4q
4
g(X, ♯gβ)− p
2 + 4q
4
g(♯gJ
∗(α), ♯gβ) +
p2 + 4q
4
pg(♯gα, ♯gβ)+
+
p
4
[g(X, Y )− α(JY ) + pα(Y ) + β(JX)− β(J2(♯gα)) + pβ(J(♯gα)) + qβ(♯gα)]−
−1
2
[g(X, JY )− α(J2Y ) + pα(JY ) + β(J2X)− β(J3(♯gα)) + pβ(J2(♯gα)) + qβ(J(♯gα))]
and
gˇ(X + α, Jˇ(Y + β)) = g(JY,X)− g(J2(♯gβ), X) + pg(J(♯gβ), X)+
+qg(♯gβ,X) +
p2 + 4q
4
g(Y, ♯gα)− p
2 + 4q
4
g(♯gJ
∗(β), ♯gα) +
p2 + 4q
4
pg(♯gβ, ♯gα)+
+
p
4
[g(Y,X)− β(JX) + pβ(X) + α(JY )− α(J2(♯gβ)) + pα(J(♯gβ)) + qα(♯gβ)]−
−1
2
[g(Y, JX)− β(J2X) + pβ(JX) + α(J2Y )− α(J3(♯gβ)) + pα(J2(♯gβ)) + qα(J(♯gβ))].
Since J is g-symmetric and J∗ = ♭gJ♯g we get the statement.
Remark 5.5. i) For p = 0, the structure Jˇ is anti-calibrated with respect to (10).
ii) In particular, for p = 0 and q = 1 we get the generalized product structure
Jˇp :=
(
J (−J2 + I)♯g
♭g −J∗
)
and for p = 0 and q = −1 we get the generalized complex structure
Jˇc :=
(
J (−J2 − I)♯g
♭g −J∗
)
which are both anti-calibrated.
iii) If J is a metallic structure with J2 = pJ + qI, then Jˇ = Jˆ .
Remark 5.6. i) Notice that if (J, g) is a metallic pseudo-Riemannian structure such
that J2 = pJ + qI with p2 + 4q < 0, then Jˆ ′ obtained from Jˆa,b (beside Jˆ) and given by:
(11) Jˆ ′ :=
(
−J + pI 0
♭g J
∗
)
is a generalized metallic structure with:
Jˆ ′2 = pJˆ ′ + qI.
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Moreover, the two structures Jˆ and Jˆ ′ coincide with the ones obtained by considering
first the Norden structures J± induced by J and then defining the generalized metallic
structures
(12) Jˆa,b :=
(
aJ± + bI 0
♭g −aJ∗± + bI
)
,
where a = ±
√
−p2−4q
2
and b = p
2
.
ii) The structure Jˇ ′ defined by:
(13) Jˇ ′ :=
(
−J + pI (−J2 + pJ + qI)♯g
♭g J
∗
)
is also a generalized metallic structure and for the particular case when J is metallic, it
is precisely Jˆ ′.
Remark 5.7. Let (M, g) be a pseudo-Riemannian manifold and let J be an arbitrary
g-symmetric endomorphism of the tangent bundle. Then for any p and q real numbers
with p2 + 4q < 0:
Jˇ± := ±( 2√−p2 − 4q Jˇ −
p√
−p2 − 4q I)
are generalized Norden structures with respect to the metric gˇ.
5.2 Generalized metallic natural connection
Let (M,J, g) be a metallic pseudo-Riemannian manifold and let D be the metallic natural
connection given by (3). We define:
Dˆ : C∞(TM ⊕ T ∗M)× C∞(TM ⊕ T ∗M)→ C∞(TM ⊕ T ∗M)
by:
(14) DˆX+α(Y + β) := DXY +DXβ,
for any X , Y ∈ C∞(TM) and α, β ∈ C∞(T ∗M) and we have:
Theorem 5.8. The linear connection Dˆ satisfies the following conditions:
(15)
{
DˆJˆ = 0
Dˆgˆ = 0.
Moreover, T Dˆ(X + α, Y + β) = TD(X, Y ), for any X, Y ∈ C∞(TM) and α, β ∈
C∞(T ∗M), and Dˆ is flat if and only if D is flat.
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Proof. From the definition of Jˆ and from the properties of D we get:
(DˆX+αJˆ)(Y +β) = DˆX+α(JY +♭g(Y )−J∗(β)+pβ) = DXJY +DX(♭g(Y )−J∗(β)+pβ) =
= J(DXY ) + ♭g(DXY )− J∗(DXβ) + pDXβ = Jˆ(DXY ) + Jˆ(DXβ) = Jˆ(DˆX+α(Y + β)),
for any X , Y ∈ C∞(TM) and α, β ∈ C∞(T ∗M).
Moreover, from the definition of gˆ we get:
X(gˆ(Y + β, Z + γ))− gˆ(DˆX+α(Y + β), Z + γ)− gˆ(Y + β, DˆX+α(Z + γ)) =
= X(g(Y, Z) + g(♯gβ, ♯gγ) +
p
p2 + 4q
(β(Z) + γ(Y ))− 2
p2 + 4q
(β(JZ) + γ(JY ))−
−[g(DXY, Z) + g(♯g(DXβ), ♯gγ) + p
p2 + 4q
((DXβ)Z + γ(DXY ))−
− 2
p2 + 4q
((DXβ)(JZ) + γ(J(DXY )))]−
−[g(Y,DXZ) + g(♯gβ, ♯g(DXγ)) + p
p2 + 4q
((DXγ)Y + β(DXZ))−
− 2
p2 + 4q
((DXγ)(JY ) + β(J(DXZ)))] = 0,
for any X , Y , Z ∈ C∞(TM) and α, β, γ ∈ C∞(T ∗M).
If we define by:
T Dˆ(X + α, Y + β) := DˆX+α(Y + β)− DˆY+β(X + α)− [X + α, Y + β]D
the torsion of Dˆ, where
[X + α, Y + β]D := [X, Y ] +DXβ −DY α,
we have:
T Dˆ(X + α, Y + β) = TD(X, Y ).
Also, if we define by:
RDˆ(X+α, Y +β)(Z+γ) := DˆX+αDˆY+β(Z+γ)−DˆY+βDˆX+α(Z+γ)−Dˆ[X+α,Y+β]D(Z+γ)
the curvature of Dˆ, we have:
RDˆ(X + α, Y + β)(Z + γ) = RD(X, Y )Z +RD(X, Y )γ
and we get the statement.
Definition 5.9. The linear connection Dˆ defined by (14) is called the generalized
metallic natural connection of (TM ⊕ T ∗M, Jˆ, gˆ).
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6 Metallic pseudo-Riemannian structures on tangent
and cotangent bundles
6.1 Metallic pseudo-Riemannian structures on the tangent bun-
dle
Let (M, g) be a pseudo-Riemannian manifold and let ∇ be a linear connection on M .
Then ∇ defines the decomposition into the horizontal and vertical subbundles of T (TM):
T (TM) = TH(TM)⊕ T V (TM).
Let π : TM →M be the canonical projection and π∗ : T (TM)→ TM be the tangent
map of π. If a ∈ TM and A ∈ Ta(TM), then π∗(A) ∈ Tpi(a)M and we denote by χa the
standard identification between Tpi(a)M and its tangent space Ta(Tpi(a)M).
Let Ψ∇ : TM ⊕ T ∗M → T (TM) be the bundle morphism defined by:
Ψ∇(X + α) := XHa + χa(♯gα),
where a ∈ TM and XHa is the horizontal lifting of X ∈ Tpi(a)M .
Let {x1, ..., xn} be local coordinates onM , let {x˜1, ..., x˜n, y1, ..., yn} be respectively the
corresponding local coordinates on TM and let {X1, ..., Xn, ∂
∂y1
, ..,
∂
∂yn
} be a local frame
on T (TM), where Xi =
∂
∂x˜i
. We have:
Ψ∇
(
∂
∂xi
)
= XHi
Ψ∇
(
dxj
)
= gjk
∂
∂yk
.
Let J be an arbitrary g-symmetric endomorphism on the tangent bundle. For any p
and q real numbers, let
Jˇ :=
(
J (−J2 + pJ + qI)♯g
♭g −J∗ + pI
)
be the generalized metallic pseudo-Riemannian structure defined by (J, g) with the pseudo-
Riemannian metric gˇ defined by (9). The isomorphism Ψ∇ allows us to construct a natural
metallic structure J¯ and a natural pseudo-Riemannian metric g¯ on TM in the following
way.
We define J¯ : T (TM)→ T (TM) by
J¯ := (Ψ∇) ◦ Jˆ ◦ (Ψ∇)−1
and the pseudo-Riemannian metric g¯ on TM by
g¯ := ((Ψ∇)−1)∗(gˆ).
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Proposition 6.1. (TM, J¯, g¯) is a metallic pseudo-Riemannian manifold.
Proof. From the definition it follows that J¯2 = pJ¯ + qI and g¯(J¯X, Y ) = g¯(X, J¯Y ),
for any X, Y ∈ C∞(T (TM)).
In local coordinates, we have the following expressions for J¯ and g¯:

J¯
(
XHi
)
= Jki X
H
k +
∂
∂yi
J¯
(
∂
∂yj
)
= (−J2 + pJ + qI)kjXHk − Jkj
∂
∂yk
+ p
∂
∂yj
and 

g¯
(
XHi , X
H
j
)
= gij
g¯
(
XHi ,
∂
∂yj
)
=
p
p2 + 4q
gij − 2
p2 + 4q
gjlJ
l
i
g¯
(
∂
∂yi
,
∂
∂yj
)
= gij.
Computing the Nijenhuis tensor of J¯ , in the case when J is metallic with J2 = pJ+qI
and ∇ is the Levi-Civita connection of g, we get:
NJ¯
(
∂
∂yi
,
∂
∂yj
)
= 0
NJ¯
(
XHi ,
∂
∂yj
)
= ((∇JXiJ)Xj − J (∇XiJ)Xj)k
∂
∂yk
NJ¯
(
XHi , X
H
j
)
= (NJ (Xi, Xj))
kXHk −
−ys (Jki Jhj Rrkhs − Jrl Jki Rlkjs − Jhj Jrl Rlihs + pJrl Rlijs + qRrijs) ∂∂yr .
Therefore we can state the following:
Proposition 6.2. Let (M,J, g) be a flat locally metallic pseudo-Riemannian mani-
fold. If ∇ is the Levi-Civita connection of g, then (J¯ , g¯) is an integrable metallic pseudo-
Riemannian structure on TM .
6.2 Metallic pseudo-Riemannian structures on the cotangent
bundle
Let (M, g) be a pseudo-Riemannian manifold and let∇ be a linear connection onM . Then
∇ defines the decomposition into the horizontal and vertical subbundles of T (T ∗M):
T (T ∗M) = TH(T ∗M)⊕ T V (T ∗M).
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Let π : T ∗M → M be the canonical projection and π∗ : T (T ∗M) → TM be the
tangent map of π. If a ∈ T ∗M and A ∈ Ta(T ∗M), then π∗(A) ∈ Tpi(a)M and we denote
by χa the standard identification between T
∗
pi(a)M and its tangent space Ta(T
∗
pi(a)M).
Let Φ∇ : TM ⊕ T ∗M → T (T ∗M) be the bundle morphism defined by:
Φ∇(X + α) := XHa + χa(α),
where a ∈ T ∗M and XHa is the horizontal lifting of X ∈ Tpi(a)M .
Let {x1, ..., xn} be local coordinates onM , let {x˜1, ..., x˜n, y1, ..., yn} be respectively the
corresponding local coordinates on T ∗M and let {X1, ..., Xn, ∂
∂y1
, ..,
∂
∂yn
} be a local frame
on T (T ∗M), where Xi =
∂
∂x˜i
. We have:
Φ∇
(
∂
∂xi
)
= XHi
Φ∇
(
dxj
)
=
∂
∂yj
.
Let (M, g) be a pseudo-Riemannian manifold and let J be an arbitrary g-symmetric
endomorphism on the tangent bundle. For any p and q real numbers, let
Jˇ :=
(
J (−J2 + pJ + qI)♯g
♭g −J∗ + pI
)
be the generalized metallic pseudo-Riemannian structure defined by (J, g) with the pseudo-
Riemannian metric gˇ defined by (9). The isomorphism Φ∇ allows us to construct a natural
metallic structure J˜ and a natural pseudo-Riemannian metric g˜ on T ∗M in the following
way.
We define J˜ : T (T ∗M)→ T (T ∗M) by
J˜ := (Φ∇) ◦ Jˆ ◦ (Φ∇)−1
and the pseudo-Riemannian metric g˜ on T ∗M by
g˜ := ((Φ∇)−1)∗(gˆ).
Proposition 6.3. (T ∗M, J˜, g˜) is a metallic pseudo-Riemannian manifold.
Proof. From the definition it follows that J˜2 = pJ˜ + qI and g˜(J˜X, Y ) = g˜(X, J˜Y ),
for any X, Y ∈ C∞(T (T ∗M)).
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In local coordinates, we have the following expressions for J˜ and g˜:

J˜
(
XHi
)
= Jki X
H
k + gik
∂
∂yk
J˜
(
∂
∂yj
)
= (−J2 + pJ + qI)lkgjk
∂
∂yl
− J jk
∂
∂yk
+ p
∂
∂yj
and 

g˜
(
XHi , X
H
j
)
= gij
g˜
(
XHi ,
∂
∂yj
)
= p
4
δij − 12J ji
g˜
(
∂
∂yi
,
∂
∂yj
)
= gij.
Computing the Nijenhuis tensor of J˜ , in the case when J is metallic with J2 = pJ+qI
and ∇ is the Levi-Civita connection of g, we get:
NJ˜
(
∂
∂yi
,
∂
∂yj
)
= 0
NJ˜
(
XHi ,
∂
∂yj
)
= ((∇JXiJ)Xk − J (∇XiJ)Xk)j
∂
∂yk
NJ˜
(
XHi , X
H
j
)
= (NJ (Xi, Xj))
kXHk +
+yl
(
Jki J
h
j R
l
khs − JrsJki Rlkjr − JrsJkj Rlikr + pJksRlijk + qRlijs
) ∂
∂ys
.
Therefore we can state the following:
Proposition 6.4. Let (M,J, g) be a flat locally metallic pseudo-Riemannian mani-
fold. If ∇ is the Levi-Civita connection of g, then (J˜ , g˜) is an integrable metallic pseudo-
Riemannian structure on T ∗M .
Remark 6.5. The metallic structures J¯ and J˜ on the tangent and cotangent bundles
respectively, satisfy:
J¯ ◦ (Ψ∇ ◦ (Φ∇)−1) = (Ψ∇ ◦ (Φ∇)−1) ◦ J˜ .
References
[1] A. M. Blaga, A. Nannicini, Generalized metallic structures, arXiv:1807.08308v1
[math.DG].
Generalized metallic pseudo-Riemannian structures 16
[2] G. Ganchev, V. Mihova, Canonical connection and the canonical conformal group on
an almost complex manifold with B-metric, Ann. Univ. Sofia Fac. Math. et Inf. 81,
(1987), 195–206.
[3] C.-E. Hret¸canu, M. Crasmareanu, Metallic structures on Riemannian manifolds, Re-
vista de la Unio´n Matema´tica Argentina 54, (2013), no. 2, 15–27.
[4] A. Nannicini, Norden structures on cotangent bundles, BUMI-D-18 DOI:
10.1007/s40574-018-0173-1, (2018).
[5] V. W. Spinadel, On characterization of the onset to chaos, Chaos, Solitons & Fractals
8, (1997), no.10, 1631–1643.
Adara M. Blaga
Department of Mathematics
West University of Timis¸oara
Bld. V. Paˆrvan nr. 4, 300223, Timis¸oara, Romaˆnia
adarablaga@yahoo.com
Antonella Nannicini
Department of Mathematics and Informatics ”U. Dini”
University of Florence
Viale Morgagni, 67/a, 50134, Firenze, Italy
antonella.nannicini@unifi.it
